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Introduction
The motion of the planet Mars, also known as the “Red Planet” (due to its distinctive
orange colour on the night sky), has been studied by astronomers for thousands of years.
Uncovering the particulars of its peculiar motion was one of the most difficult problems for
mathematicians and astronomers during the 14th, 15th and 16th centuries C.E. The
person responsible for solving it, in doing so, cracked the centuries-old mystery behind
the laws of planetary motion. That man was Johannes Kepler, who published his
discovery in his groundbreaking opus, called Astronomia Nova (or the The New
Astronomy) in 1609 C.E. His monumental work paved the way for the genius of Sir Isaac
Newton and the definition of the law of universal attraction.
In this Learning Activity, we intend to show an application of a classic exercise on the
subject of uniform circular motion, which involves the science of Astronomy.

The Classic Exercise
A classic problem found in several textbooks, involves the calculation of a certain period.
Assuming two bodies which move in uniform circular motion, each with its own frequency,
one is asked to calculate the time period of the occurrence of a certain geometrical
arrangement of the two, such as their conjunction, opposition, or some other case where
the radii form a specific angle α (see fig.1). This is frequently asked in the form of a
question involving the period of the phenomenon where the hands of a clock form a
specific respective angular distance.

α

Fig. 1. A representation of a problem in uniform circular motion.

It can be geometrically demonstrated that the period of such an occurrence (assuming
that both bodies move clockwise or counterclockwise) can be calculated by the formula:
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where α is the angle between the two radii, ωΑ being the angular velocity of the faster
moving body, ωB being the angular velocity of the slower moving body, and Δt stands for
the period of the recurrence of that particular geometrical arrangement.

Apparent Retrograde Motion
Ever since antiquity, the retrograde motion of a planet has been known to astronomers.
Today, we know that it is caused by the phenomenon where one planet overtakes the
other during their rotation around the Sun (fig. 2).

Fig. 2. The explanation of Apparent Retrograde Motion. Source: wikipedia commons.

The projection of the planet on the celestial sphere (i.e. its apparent location in the sky) is
shown by positions A1, A2, A3 etc. and, since these occur in succession, it can be seen
that as the planet moves in the sky, it halts, performs a retrograde motion and halts once
more, before proceeding with its normal motion. Modern telescopes can easily capture
this motion, which can be then displayed in composite images, such as the one in fig. 3.

y

Fig. 3. A composite image of the retrograde motion of Mars in 2005. Source: APOD
http://apod.nasa.gov/apod/ap060422.html , image copyright Tunc Tezel.
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The Geogebra Tool
Using the Geogebra software, a simple model of the problem has been produced, in
order to help students visualise its geometry. It can be reached in the following link, along
with a short description:
http://tube.geogebra.org/student/mYrosGSSw
The tool is an animation of the motion of Mars and of the Earth around the Sun, where the
projection of the red planet can be seen on the celestial sphere. Pressing play will cause
the time to flow, and the apparent retrograde motion will be displayed a few times. A
screenshot of the tool is shown in fig. 4.

Fig. 4. The Geogebra Tool which was created for this Learning Activity.

Microsoft Worldwide Telescope
This learning activity intends to make use of the amazing piece of software, which is the
Microsoft Worldwide Telescope (WWT): http://www.worldwidetelescope.org/. Students can
either download the app or simply use the HTML5 version through any browser. It is
recommended that the educator spends some time familiarising the students with some
of the basic functions of the WWT. The ones which are necessary for this activity, are the
Solar System and Sky Views, as well as the time acceleration tool on the View tab.
While on the Solar System view, it is worthwhile to shift the viewing angle as to better look
at the actual elliptical trajectories of the planets of our Solar System. Accelerating time will
help to better demonstrate the different periods of each planet. Zooming in and out of the
centre of the solar system will facilitate the demonstration of the orbits of the inner
planets, including those of the Earth and Mars.
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Fig. 5. Screenshot of the WWT, using the Solar System View. By shifting the point of view, so that it is
perpendicular to the ecliptic, one can easily observe the trajectories of the planets as they move around the
Sun. Using the time accelerator, the motions of the planets are beautifully displayed, by tracing ellipses.

Afterwards, students should familiarise themselves with the Sky View (from any location,
but their own should serve). They should locate the planet Mars (through the Search tab)
and, once more, accelerate time: the planets will begin to move on the celestial sphere.
By clicking and dragging on the sky, one can follow the motion of any planet by
successive clicks. A speed multiplier of x1.000.000 is recommended for this activity. See
fig. 6 for a screenshot.

Fig. 6. A screenshot of the WWT, showing Sky View and Mars in the sky. The red arrow points to the red dot
which pinpoints the position of Mars. The motion can be tracked using the blue dotted line of the ecliptic.
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The Learning Activity
The following question can now be posed to the students: what is the exact geometrical
arrangement of the Earth and Mars, during the beginning (and the end) of each
retrograde motion of the latter? In other words, what is the angle between the radii of the
planets when the phenomenon begins (or ends)?
The orbital periods of most of the planets around the Sun have been known since
antiquity, and were certainly known to the astronomers of the 16th century. Playing the
part of such an astronomer, one can attempt to calculate the angular distance between
the two planets, with respect to the Sun. Starting with the orbital periods of the planets,
one can easily calculate their respective –approximate– angular velocities (assuming
uniform circular motion). By using formula (1), one only need have the period of the
phenomenon (either the beginning or the end of the retrograde motion) in order to
calculate the angular distance of the two planets at the start or the end of the
phenomenon, with respect to the Sun (see fig. 7).

α

Fig 7. The geometrical arrangement of the Earth and Mars, during the end of the latter’s retrograde motion.

Instead of relying on age-old astronomical tables and the tedious calculations which go
along with those, or even actual observations which would take the better part of a
decade, the students are now set with the task to chase the red planet as it moves on the
celestial sphere, using the WWT. By accelerating time by x1.000.000 times, they must
keep track of its planetary motion, and mark the dates at which the retrograde motion
either begins or ends (either halting point). This should be done for about 6 occurrences,
and a mean period can be determined using an Excel spreadsheet, in order to
demonstrate the results. A useful tool for speedily calculating the days between two dates
can be found here: http://www.timeanddate.com/date/duration.html .
The students will discover that the period is not fixed, and fluctuates around a mean value
of roughly 790 days. They can then plug a similar value in formula (1), along with the
angular velocities of each planet that they have already calculated. Following a few
simple calculations using formula (1), a value for the angular distance α can be derived,
which can then be compared with the value which is predicted by the Geogebra tool.
It is by no means expected that the results will be exactly the same. In fact, they should
definitely be not, since the physical model we have assumed in order to tackle this
problem, is a rough approximation of reality. The educator can then explain the
discrepancy by referring to the elliptical instead of circular orbits, the variable as opposed
to the uniform speed of the planets, as well as the fact that their respective orbital planes
do not in fact coincide precisely. It can then be argued that the discrepancy obtained
actually points to the inadequacy of the circular model of the geocentric system which we
have assumed.
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